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Abstract
The affine-Virasoro Ward identities are a system of non-linear dif-
ferential equations which describe the correlators of all affine-Virasoro
constructions, including rational and irrational conformal field theory.
We study the Ward identities in some detail, with several central results.
First, we solve for the correlators of the affine-Sugawara nests, which
are associated to the nested subgroups g ⊃ h1 ⊃ . . . ⊃ hn. We also
find an equivalent algebraic formulation which allows us to find global
solutions across the set of all affine-Virasoro constructions. A particular
global solution is discussed which gives the correct nest correlators, ex-
hibits braiding for all affine-Virasoro correlators, and shows good physical
behavior, at least for four-point correlators at high level on simple g. In
rational and irrational conformal field theory, the high-level fusion rules
of the broken affine modules follow the Clebsch-Gordan coefficients of the
representations.
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1 Introduction
Affine Lie algebra [1,2], or current algebra on S1, was discovered independently
in mathematics and physics. Affine-Virasoro constructions are the most general
Virasoro operators [3,4]
T = LabJaJb (1.1)
which are quadratic in the currents Ja of the affine algebra. The coefficients
Lab in the stress tensor T can be any solution of the Virasoro master equation.
The solution space of the master equation, called affine-Virasoro space, includes
the affine-Sugawara constructions [2,5,6,7], the coset constructions [2,5,8], the
affine-Sugawara nests [9,10,11], and a vast number of new constructions, most of
which have irrational central charge [10]. As an example, it is known that there
are approximately 1/4 billion solutions of the master equation on each level of
affine SU(3), while the value at level 5 [12]
c
(
(SU(3)5)
#
D(1)
)
= 2
(
1− 1√
61
)
≃ 1.7439 (1.2)
is the lowest unitary irrational central charge yet observed. Partial classification
of the solution space and other developments in the Virasoro master equation
are reviewed in Ref.[13].
It is clear that the Virasoro master equation is the first step in the study
of irrational conformal field theory (ICFT), which includes rational conformal
field theory (RCFT) as a small subspace of relatively high symmetry,
ICFT ⊃ RCFT . (1.3)
The next step is a description of the correlators of irrational conformal field
theory, about which we have the intuitive notion that they must involve a
generically-infinite number of conformal structures. The organization of these
structures must be generically new, since it is unlikely that the generic affine-
Virasoro construction supports an extended chiral algebra.
Using null states of the Knizhnik-Zamolodchikov type [7], we recently re-
ported the derivation of dynamical equations, the factorized affine-Virasoro
Ward identities [14], which describe the correlators of irrational conformal field
theory. For any K-conjugate pair [2,5,8,3] of affine-Virasoro constructions, one
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may compute a set of affine-Virasoro connections for the pair. The connec-
tions are the input data for the Ward identities, which generalize the Knizhnik-
Zamolodchikov equations to the broader context of coset constructions and ir-
rational conformal field theory. In form, the Ward identities are a system of
coupled non-linear differential equations for the factorized correlators of the
K-conjugate pair of conformal field theories. Because the affine-Sugawara con-
structions are K-conjugate to the trivial theory, the Knizhnik-Zamolodchikov
equations are included as the simplest case of the Ward identities.
As a first non-trivial example, we solved the Ward identities for the corre-
lators of the coset constructions, providing a derivation of the coset blocks of
Douglas [15]. In the present paper, we go beyond the cosets to study the Ward
identities for all affine-Virasoro constructions.
After a brief review of the master equation and the Ward identities, we
discuss some general properties of the affine-Virasoro connections, including K-
conjugation covariance, crossing symmetry and the high-level form of the general
connections. As a first application of the general properties, we construct the
connections and solve for the conformal correlators of all the affine-Sugawara
nests, which are associated to the nested subgroups
g ⊃ h1 ⊃ . . . ⊃ hn . (1.4)
Our results explicitly verify the intuition that the nests are tensor-product
RCFT’s, constructed by tensoring the relevant coset and subgroup construc-
tions.
Turning to the general affine-Virasoro construction, we find an equivalent
algebraic formulation of the system which, given the affine-Virasoro connections,
allows us to find global solutions of the Ward identities across all affine-Virasoro
space. The solutions involve a generically-infinite number of conformal struc-
tures, in accord with intuitive notions about irrational conformal field theory,
but many of the solutions are apparently not physical.
Based on a natural eigenvalue problem in the system, we focus on a partic-
ular infinite-dimensional global solution with the following properties:
a) The conformal structures are degenerate for the coset constructions and
affine-Sugawara nests, and the correct correlators are obtained in these
cases.
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b) The solution exhibits a braiding for all affine-Virasoro correlators which
includes and generalizes the braiding of rational conformal field theory.
The origin of the braiding is the linearity of the eigenvalue problem.
c) The solution shows good physical behavior, at least for four-point affine-
Virasoro correlators at high level on simple g. From the high-level corre-
lators, we determine that the high-level fusion rules of the broken affine
modules follow the Clebsch-Gordan coefficients of the representations.
2 The Virasoro Master Equation
In this section, we review the Virasoro master equation and some features of the
system which will be useful below.
The general affine-Virasoro construction begins with the currents Ja of un-
twisted affine g [1,2]
Ja(z) =
∑
m
J (m)a z
−m−1 , a = 1, . . . , dim g , m, n ∈ ZZ (2.1a)
Ja(z) Jb(w) =
Gab
(z − w)2 +
ifab
c
z − w Jc(w) +O(z − w)
0 (2.1b)
where fab
c and Gab are the structure constants and general Killing metric of g.
The current algebra (2.1) is completely general since g is not necessarily compact
or semisimple. In particular, to obtain level xI = 2kI/ψ
2
I of gI in g = ⊕IgI with
dual Coxeter number h˜I = QI/ψ
2
I , take
Gab = ⊕IkI ηIab , facdfbdc = −⊕I QI ηIab (2.2)
where ηIab and ψI are the Killing metric and the highest root of gI .
Next, consider the set of operators quadratic in the currents
T (z) = Lab ∗∗Ja(z)Jb(z)
∗
∗ =
∑
m
L(m)z−m−2 (2.3)
where the set of coefficients Lab = Lba is called the inverse inertia tensor, in
analogy with the spinning top. The requirement that T (z) is a Virasoro operator
T (z) T (w) =
c/2
(z − w)4 +
(
2
(z − w)2 +
∂w
z − w
)
T (w) +O(z − w)0 (2.4)
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restricts the values of the inverse inertia tensor to those which solve the Virasoro
master equation [3,4]
Lab = 2LacGcdL
db − LcdLeffceafdf b − Lcdfceffdf (aLb)e (2.5a)
c = 2GabL
ab . (2.5b)
The Virasoro master equation has been identified [16] as an Einstein-like system
on the group manifold, with Lab the inverse metric on tangent space and c =
dim g − 4R, where R is the Einstein curvature scalar.
Some general features of the Virasoro master equation include:
1. Affine-Sugawara constructions [2,5,6,7]. The affine-Sugawara (A-S) construc-
tion Lg is
Labg = ⊕I
ηabI
2kI +QI
, cg =
∑
I
xI dim gI
xI + h˜I
(2.6)
for arbitrary level of any g, and similarly for Lh when h ⊂ g.
2. K-conjugation covariance [2,5,8,3]. When L is a solution of the master equa-
tion on g, then so is the K-conjugate partner L˜ of L,
L˜ab = Labg − Lab , c˜ = cg − c (2.7)
and the corresponding stress tensors form a K-conjugate pair of commuting
Virasoro operators
T˜ (z) =
∑
m
L˜(m)z−m−2 (2.8a)
T˜ (z) T˜ (w) =
c˜/2
(z − w)4 +
(
2
(z − w)2 +
1
z − w∂w
)
T˜ (w) +O(z − w)0 (2.8b)
T (z) T˜ (w) = O(z − w)0 . (2.8c)
The affine-Virasoro stress tensors T and T˜ are quasi (2,0) operators under the
affine-Sugawara stress tensor Tg = T + T˜ .
3. Cosets and affine-Sugawara nests. The simplest K-conjugate pairs are the
subgroup constructions Lh and the corresponding g/h coset constructions [2,5,8]
Labg/h = L
ab
g − Labh , cg/h = cg − ch (2.9)
4
while repeated K-conjugation on subgroup sequences g ⊃ h1 ⊃ . . . ⊃ hn gener-
ates the affine-Sugawara (A-S) nests [9,10,11]
Lg/h1/.../hn = Lg − Lh1/.../hn = Lg +
n∑
j=1
(−)jLhj (2.10a)
cg/h1/.../hn = cg − ch1/.../hn = cg +
n∑
j=1
(−)jchj . (2.10b)
Note that the stress tensors of the affine-Sugawara nests may be written as sums
of mutually-commuting Virasoro constructions on g/h and h
Tg/h1/.../h2n+1 = Tg/h1 +
n∑
i=1
Th2i/h2i+1 (2.11a)
Tg/h1/.../h2n = Tg/h1 +
n−1∑
i=1
Th2i/h2i+1 + Th2n (2.11b)
so the conformal field theories of the affine-Sugawara nests are expected to be
tensor-product theories. By computation of the nest correlators, we will explic-
itly verify this intuition in Section 5.
Other developments in the Virasoro master equation, including the world-
sheet action [17] for the generic affine-Virasoro construction, are reviewed in
Ref.[13]
3 The Affine-Virasoro Ward Identities
In this section, we review the affine-Virasoro (A-V) Ward identities [14], which
generalize the Knizhnik-Zamolodchikov equations [7] to the broader context of
coset constructions and irrational conformal field theory.
1. Virasoro biprimary states. Let |0〉 be the affine vacuum and Rg(T , z) be the
affine primary fields corresponding to irreducible matrix representation T of g.
Under the stress tensor T , the conformal weights ∆α(T ) of the affine primary
states are the eigenvalues of the conformal weight matrix LabTaTb [18,10]. In
what follows, we choose an L-basis of T [14], in which the conformal weight
matrix is diagonal
Lab(TaTb)αβ = ∆α(T ) δβα , α, β = 1, . . . , dim T . (3.1)
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Then the corresponding eigenstates Rαg (T , 0)|0〉, called the Lab-broken affine
primary states, satisfy
Lm≥0Rαg (T , 0)|0〉 = δm,0∆α(T )Rαg (T , 0)|0〉 (3.2a)
L˜m≥0Rαg (T , 0)|0〉 = δm,0 ∆˜α(T )Rαg (T , 0)|0〉 (3.2b)
∆g(T ) = ∆α(T ) + ∆˜α(T ) (3.2c)
where ∆g(T ) and ∆˜α(T ) are the conformal weights of Tg and T˜ respectively.
The Lab-broken affine primary states are examples of Virasoro biprimary states
[18,10,14], which are simultaneously Virasoro primary under the K-conjugate
stress tensors T and T˜ .
2. Virasoro biprimary fields. The corresponding Lab-broken affine primary fields
Rα(T , z¯, z) = e(z¯−z)L˜(−1)Rαg (T , z) e(z−z¯)L˜
(−1)
= e(z−z¯)L
(−1)
Rαg (T , z¯) e(z¯−z)L
(−1)
(3.3a)
Rα(T , z, z) = Rαg (T , z) , Rα(T , 0, 0)|0〉 = Rαg (T , 0)|0〉 (3.3b)
are examples of Virasoro biprimary fields [18,14], which are simultaneously Vi-
rasoro primary under T and T˜ . The correlators of Virasoro biprimary fields,
such as
Aα(z¯, z) = 〈Rα1(T 1, z¯1, z1) . . . Rαn(T n, z¯n, zn)〉 , α = (α1 . . . αn) (3.4)
are called biconformal correlators.
3. Affine-Virasoro Ward identities [14]. Using null states of the Knizhnik-
Zamolodchikov type, one obtains the affine-Virasoro Ward identities for the
biconformal correlators. In the case of broken affine primary fields, these read
∂¯j1 . . . ∂¯jq∂i1 . . . ∂ipA
α(z¯, z)|z¯=z = Aβg (z)Wj1...jq,i1...ip(z)βα (3.5a)
Aαg (z) = A
α(z, z) = 〈Rα1g (T 1, z1) . . . Rαng (T n, zn)〉 (3.5b)
where Wj1...jq,i1...ip are the affine-Virasoro connections and Ag(z) is the affine-
Sugawara correlator, which solves the Knizhnik-Zamolodchikov equations [7]
and the g-global Ward identities
Aβg (
n∑
i=1
T ia )βα = 0 , a ∈ g . (3.6)
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The connections may be computed by standard dispersive techniques from the
formula
Aβg (z)Wj1...jq,i1...ip(z)β
α =[ q∏
r=1
L˜arbr
∮
zjr
dωr
2pii
∮
ωr
dηr
2pii
1
ηr − ωr
][ p∏
s=1
Lcsds
∮
zis
dωq+s
2pii
∮
ωq+s
dηq+s
2pii
1
ηq+s − ωq+s
]
×〈Ja1(η1)Jb1(ω1) . . . Jaq(ηq)Jbq(ωq)Jc1(ηq+1)Jd1(ωq+1) . . .
Jcp(ηq+p)Jdp(ωq+p)R
α1
g (T 1, z1) . . . Rαng (T n, zn)〉 (3.7)
since the required averages are in the affine-Sugawara theory on g. The first-
order connections are
Wi,0 = 2L˜
ab
n∑
j 6=i
T ia T jb
zij
, W0,i = 2L
ab
n∑
j 6=i
T ia T jb
zij
(3.8a)
Wi,0 +W0,i = W
g
i = 2L
ab
g
n∑
j 6=i
T ia T jb
zij
(3.8b)
where W gi are the affine-Sugawara connections obtained by Knizhnik and Zamo-
lodchikov. The second-order connections are given for completeness in Appendix
A.
4. Invariant correlators. Under T and T˜ , the biconformal correlators enjoy an
SL(2, IR)× SL(2, IR) covariance, and the invariant four-point correlators Y are
Y α(u¯, u) =

 4∏
i<j
z¯
γ¯ij
ij z
γij
ij

Aα(z¯, z) , u = z12z34
z14z32
, u¯ =
z¯12z¯34
z¯14z¯32
(3.9a)
γ12 = γ13 = 0 , γ14 = 2∆α1 , γ23 = ∆α1 +∆α2 +∆α3 −∆α4
γ24 = −∆α1 +∆α2 −∆α3 +∆α4 , γ34 = −∆α1 −∆α2 +∆α3 +∆α4
(3.9b)
γ¯ij = γij|∆→∆˜ (3.9c)
where α = (α1α2α3α4). The invariant correlators satisfy the invariant affine-
Virasoro Ward identities
∂¯q∂pY α(u¯, u)|u¯=u = Y βg (u)Wqp(u)βα (3.10a)
Y αg (u) = Y
α(u, u) , Y βg (
4∑
i=1
T ia )βα = 0 , a ∈ g (3.10b)
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where Yg(u) is the invariant affine-Sugawara correlator andWqp are the invariant
affine-Virasoro connections. The first-order invariant connections are
W10 = 2L˜
ab
(T 1a T 2b
u
+
T 1a T 3b
u− 1
)
, W01 = 2L
ab
(T 1a T 2b
u
+
T 1a T 3b
u− 1
)
(3.11a)
W10 +W01 = W
g = 2Labg
(T 1a T 2b
u
+
T 1a T 3b
u− 1
)
(3.11b)
and the second-order invariant connections are given in Appendix A.
5. Consistency relations. The affine-Virasoro connections satisfy the consistency
relations
(∂i +W
g
i )Wj1...jq,i1...ip = Wj1...jqi,i1...ip +Wj1...jq,i1...ipi (3.12a)
(∂ +W g)Wqp = Wq+1,p +Wq,p+1 (3.12b)
where W00 = 1. The consistency relations were originally derived [14] from
simple properties of the biprimary fields, and the relations are necessary condi-
tions for factorization, discussed below. In fact, the relations also follow directly
from the definitions (3.5a) and (3.10) of the connections as derivatives of the
biconformal correlators, so the consistency relations are integrability conditions
for the existence of the biconformal correlators. To understand this, the reader
should begin with the slightly simpler case fqp ≡ ∂¯q∂pf(u¯, u)|u¯=u, which satisfies
∂fqp = fq+1,p + fq,p+1 for all f(u¯, u).
6. Factorization. In order to separate the conformal field theories of L˜ and L,
we assume the abstract factorization
Aα(z¯, z) = (A¯(z¯)A(z))α , Y α(u¯, u) = (Y¯ (u¯) Y (u))α (3.13)
where the barred and unbarred amplitudes are the proper correlators of the
L˜ and the L theories respectively. Then the factorized affine-Virasoro Ward
identities
(∂j1 . . . ∂jqA¯ ∂i1 . . . ∂ipA)
α = Aβg (Wj1...jq,i1...ip)β
α , Aαg = (A¯ A)
α (3.14a)
(∂qY¯ ∂pY )α = Y βg (Wqp)β
α , Y αg = (Y¯ Y )
α (3.14b)
are coupled non-linear differential equations for the K-conjugate pair of confor-
mal field theories.
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To make the factorization concrete, we must also specify the factorized
assignment of the Lie algebra indices. In this paper, we will discuss, at various
levels of completeness, four concrete factorization ansa¨tze
Aα(z¯, z) =
∑
ν
A¯βν (z¯)Aν(z)β
α [matrix] (3.15a)
Aα(z¯, z) =
∑
ν
A¯ν(z¯)A
α
ν (z) [vector] (3.15b)
Aα(z¯, z) =
∑
ν
A¯αν (z¯)Aν(z) [vector-bar] (3.15c)
Aα(z¯, z) =
∑
ν
A¯αν (z¯)A
α
ν (z) [symmetric] (3.15d)
and the corresponding forms for the invariant amplitudes. The first and last of
these ansa¨tze were introduced in [14], where a solution for the coset constructions
was found in the matrix ansatz. A common feature of these ansa¨tze is the
conformal structure index ν, which labels the conformal structures Aν . We
shall see that a generically-infinite number of conformal structures is required
to factorize the general affine-Virasoro construction.
7. Coset correlators. The biconformal correlators for h and the g/h coset con-
structions are [14]
L˜ = Lg/h , L = Lh (3.16a)
Aα(z¯, z) = Aβg/h(z¯, z0)Ah(z, z0)β
α (3.16b)
Aαg/h = A
β
g (A
−1
h )β
α
, Aβg/h(
n∑
i=1
T ia )βα = 0 , a ∈ h (3.16c)
Y α(u¯, u) = Y βg/h(u¯, u0)Yh(u, u0)β
α (3.16d)
Y αg/h = Y
β
g (Y
−1
h )β
α
, Y βg/h(
4∑
i=1
T ia )βα = 0 , a ∈ h (3.16e)
where Ag/h and Yg/h are the coset correlators and the two-index symbols are the
invertible evolution operators of h,
∂iAh(z, z0) = Ah(z, z0)W
h
i (z) , ∂iA
−1
h (z, z0) = −W hi (z)A−1h (z, z0) (3.17a)
Ah(z0, z0)α
β =
1∏
i<j(z
0
ij)
γhij(α)
δβα (3.17b)
∂Yh(u, u0) = Yh(u, u0)W
h(u) , ∂Y −1h (u, u0) = −W h(u)Y −1h (u, u0) (3.17c)
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Yh(u0, u0)α
β = δβα . (3.17d)
The solution (3.16) resides in the matrix ansatz (3.15a), with only one conformal
structure, and, at the level of conformal blocks, this solution shows the form
Y αg/h(u, u0) = Y
M
g/h(u, u0)v
α
M(h) , Y
M
g/h(u, u0) = d
rC(u)rRFh(u0)RM (3.18a)
C(u)rR = Fg(u)rmF−1h (u)mR (3.18b)
where vαM(h) are the h-invariant tensors of T 1 ⊗ · · · ⊗ T 4. The u-dependent
factors C(u)rR are the coset blocks defined by Douglas [15,14,19].
An important subtlety here is that the evolution operators Ah and Yh are
not the h correlators, because they do not satisfy the h-global Ward identities.
The proper factorization of (3.16) into the correlators of g/h and h is [14]
Aα(z¯, z) = AMg/h(z¯, z0)Ah(z, z0)M
α (3.19a)
Aαg/h = A
M
g/h w
α
M(h) , (Ah)M
α ≡ wβM(h)(Ah)βα (3.19b)
Y α(u¯, u) = Y Mg/h(u¯, u0) Yh(u, u0)M
α (3.19c)
Y αg/h = Y
M
g/h v
α
M(h) , (Yh)M
α ≡ vβM(h)(Yh)βα (3.19d)
where wαM(h) are the h-invariant tensors of T 1⊗· · ·⊗T n. In (3.19), the projected
factors (Ah)M
α and (Yh)M
α may be identified as h correlators because they
satisfy the h-global Ward identities. Moreover, the factors AMg/h and Y
M
g/h (see
(3.18)) are equivalent representations of the coset correlators Aαg/h and Y
α
g/h,
since the two sets are equal up to constant tensors. We finally note that the
factorization (3.19) is in the vector ansatz (3.15b) with ν =M .
For use below, we also give the known connections for h and g/h
Wj1...jq,iq...ip[L˜ = Lg/h, L = Lh] =W
g/h
j1...jq,0W
h
0,i1...ip (3.20a)
W
g/h
j1...jqjq+1,0 = (∂jq+1 +W
g
jq+1)W
g/h
j1...jq,0 −W g/hj1...jq,0W hjq+1 (3.20b)
W h0,i1...ipip+1 = (∂ip+1 +W
h
ip+1
)W h0,i1...ip (3.20c)
Wqp[L˜ = Lg/h, L = Lh] = W
g/h
q0 W
h
0p (3.20d)
W
g/h
q+1,0 = (∂ +W
g)W
g/h
q0 −W g/hq0 W h (3.20e)
W h0,p+1 = (∂ +W
h)W h0p (3.20f)
where W00 = 1 and the first-order connections of g and h are given in (3.8),
(3.11). These results are rederived in Section 5 by a method which also generates
the connections and conformal correlators of all the affine-Sugawara nests.
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4 Some General Properties of the A-V Connections
In this section, we discuss a number of general properties of the affine-Virasoro
(A-V) connections.
A. Solution of the consistency relations. It was noted in Ref.[14] that the consis-
tency relations (3.12) can be solved to obtain the general connections in terms
of the canonical sets W0p or W0,i1...ip, or similar sets. The explicit forms of these
solutions†
Wj1...jq,i1...ip =
q∑
r=0
(−1)q−r
(
q
r
)
1
q!
∑
P(j1...jq)
[
(
r∏
k=1
Dgjk)W0,jr+1...jqi1...ip
]
(4.1a)
=
p∑
r=0
(−1)p−r
(
p
r
)
1
p!
∑
P(i1...ip)
[
(
r∏
k=1
Dgik)Wir+1...ipj1...jq,0
]
(4.1b)
Dgi ≡ ∂i +W gi
Wqp =
q∑
r=0
(−)r
(
q
r
)
(∂ +W g)q−rW0,p+r (4.1c)
=
p∑
r=0
(−)r
(
p
r
)
(∂ +W g)p−rWq+r,0 (4.1d)
are easily checked with the binomial identity ( q+1
r
) = ( q
r
) + ( q
r−1
).
In what follows, we refer to W0,i1...ip, Wj1...jq,0, W0p and Wq0 as the one-
sided connections, and the rest of the connections (e.g. Wqp, q, p ≥ 1) as the
mixed connections. It is clear from their definition in (3.7) that the one-sided
connections are functions only of L˜ or L
Wj1...jq,0(L˜) , W0,i1...ip(L) , Wq0(L˜) , W0p(L) (4.2)
and so are associated directly to the L˜ or the L theory. This property is not
shared by the mixed connections Wj1...jq,i1...ip(L˜, L) and Wqp(L˜, L), which are
functions of L˜ and L.
†In (4.1a,b),
∑
P sums over all permutations of the indicated indices and the following
rules are included:
∏
0
k=1Dgjk ≡ 1 and W0,jq+1...jqi1...ip ≡ W0,i1...ip for the r = 0, q terms in
(4.1a), and similarly for the r = 0, p terms in (4.1b).
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B. Connection sum rules. The translation sum rules
∞∑
r,s=0
1
r! s!
n∑
l1...lr
n∑
k1...ks

 r∏
µ=1
(zlµ − z0lµ)

 [ s∏
ν=1
(zkν − z0kν )
]
Wl1...lrj1...jq,k1...ksi1...ip(z0)
= Ag(z, z0)Wj1...jq,i1...ip(z)
(4.3a)
∞∑
r,s=0
(u− u0)r+s
r! s!
Wr+q,s+p(u0) = Yg(u, u0)Wqp(u) (4.3b)
relate the connections at different points, where
∂iAg(z, z0)α
β = Ag(z, z0)α
γW gi (z)γ
β
, Ag(z0, z0)α
β = δβα (4.4a)
∂uYg(u, u0)α
β = Yg(u, u0)α
γW g(u)γ
β , Yg(u0, u0)α
β = δβα (4.4b)
are the invertible evolution operators of the affine-Sugawara construction on
g. These identities are obtained by repeated application of the consistency
relations.
C. K-conjugation covariance. It is clear on inspection of (3.7) that the connec-
tions enjoy the K-conjugation covariance
Wj1...jq,i1...ip(L˜, L) =Wi1...ip,j1...jq(L, L˜) (4.5a)
Wqp(L˜, L) =Wpq(L, L˜) (4.5b)
under the exchange L˜ ↔ L of the L˜ and L theories. The simpler covariance of
the one-sided connections
Wj1...jq,0(L˜ = L∗) = W0,j1...jq(L = L∗) , W0,i1...ip(L = L∗) = Wi1...ip,0(L˜ = L∗)
(4.6a)
Wq0(L˜ = L∗) = W0q(L = L∗) , W0p(L = L∗) = Wp0(L˜ = L∗) (4.6b)
follows immediately with (4.2), where L∗ is any particular affine-Virasoro con-
struction.
D. Crossing symmetry. The computations in (3.7) can be performed for a fixed
ordering of operators and then again after an exchange k ↔ l (including T ’s, z’s
and indices). The crossing symmetry of the connections
Wj1...jq,i1...ip |k↔l =Wj1...jq,i1...ip (4.7)
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then follows from the usual analyticity in z for (derivatives of) the biconformal
correlators at zi = z¯i. We have checked this symmetry for the explicit forms in
(3.8), (A.1) and the affine-Sugawara nest connections of Section 5 and Appendix
B. A corresponding crossing relation of the invariant connections
Wqp(1− u) = (−)q+pP23Wqp(u)P23 (4.8a)
P23T 2P23 = T 3 , P 223 = 1 (4.8b)
follows by SL(2, IR)× SL(2, IR) covariance from (4.7), using (A.3) and the ex-
plicit form of W01 in (3.11a).
E. High-level connections‡. To leading non-trivial order in k−1 on simple g, the
currents are effectively abelian and we can evaluate (3.7) by Wick expansion
using [12,17]
Lab =
P ab
2k
+O(k−2) , L˜ab = P˜
ab
2k
+O(k−2) (4.9a)
P ab + P˜ ab = ηab , P abηbcP˜
cd = 0 (4.9b)
Ja(z)Jb(w)√−−−−−−√
=
kηab
(z − w)2 +O(k
0) . (4.9c)
Here, ηab is the Killing metric on g and P˜ and P are the high-level projectors of
the L˜ and L theories respectively. The leading term in (3.7) is obtained at O(k0)
from the maximum number p + q of contractions. This contribution vanishes
because no ωi − zj linkage is generated (between the currents and the affine
primary fields), so the contour integrals are zero. The next to leading term at
O(k−1) can be computed with p + q − 1 contractions. As seen in the leading
term, the only contractions which survive the contour integrations are those for
which no subset of contractions covers a complete subset of (ωi, ηi) pairs. Then
it is not difficult to see that all contributing terms involve a coefficient of the
form
(P1ηP2η . . . ηPp+q)
ab ,
where Pr may be P or P˜ . According to eq.(4.9b), this factor is zero unless all
the projectors are the same, which says that the mixed connections are O(k−2).
‡ The following discussion assumes a fixed choice of external representations T in the
biconformal correlators.
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The high-level form of the affine-Virasoro connections
Wj1...jq,0 =

q−1∏
r=1
∂jr

Wjq,0 +O(k−2) , q ≥ 1 (4.10a)
W0,i1...ip =

p−1∏
r=1
∂ir

W0,ip +O(k−2) , p ≥ 1 (4.10b)
Wj1...jq,i1...ip = O(k−2) , q, p ≥ 1 (4.10c)
is then obtained by solving the consistency relations for the one-sided connec-
tions. Similarly, we obtain
Wq0 = ∂
q−1W10 +O(k−2) , q ≥ 1 (4.11a)
W0p = ∂
p−1W01 +O(k−2) , p ≥ 1 (4.11b)
Wqp = O(k−2) , q, p ≥ 1 (4.11c)
for the invariant connections. It follows from (4.10) and (4.11) that both sets
may be written in the factorized forms
Wj1...jq,i1...ip = Wj1...jq,0W0,i1...ip +O(k−2) (4.12a)
Wqp =Wq0W0p +O(k−2) (4.12b)
which, according to eq.(3.20), are exact to all orders for L˜ = Lg/h and L = Lh.
5 The Affine-Sugawara Nests
In this section, we formulate an iterative procedure, using K-conjugation and
the solutions (4.1) of the consistency relations, to obtain the connections and
conformal correlators of the affine-Sugawara nests [9,10,11]
L˜ = Lg/h1/.../hn , L = Lh1/.../hn . (5.1)
For simplicity, we will follow the argument for the invariant correlators and give
the corresponding results for the n-point correlators at the end.
In this development, we will use two identities repeatedly
(∂ +W )pA = Y −1∂p(Y A) , ∂Y (u, u0) = Y (u, u0)W (u) , Y (u0, u0) = 1l
(5.2a)
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q∑
r=0
(−)r
(
q
r
)
∂q−r[A(∂rB)C] =
q∑
r=0
(
q
r
)
(∂q−rA)B(∂rC) (5.2b)
which hold for all A, B, C and W , where Y is the invertible evolution operator
of W .
We begin with the one-sided connections of the trivial theory
W0p(L = 0) = 1l δ0,p . (5.3)
Substitution of these into the solution (4.1c) gives
Wqp(L˜ = Lg, L = 0) = (∂ +W
g)q1l δ0,p (5.4)
which implies the one-sided affine-Sugawara connections on g
Wq0(L˜ = Lg) = (∂ +W
g)q1l = Y −1g ∂
qYg , ∂Yg = YgW
g , Yg(u0, u0) = 1l .
(5.5)
Here W10(Lg) = W
g is the invariant affine-Sugawara connection in (3.11b).
Renaming the group, we have for h ⊂ g
Wq0(L˜ = Lh) = (∂ +W
h)q1l = Y −1h ∂
qYh , ∂Yh = YhW
h , Yh(u0, u0) = 1l
(5.6a)
W0p(L = Lh) = (∂ +W
h)p1l = Y −1h ∂
pYh (5.6b)
where (5.6b) follows from (5.6a) and (4.6). Then, using (5.6b) in the solution
(4.1c), we obtain the connections for g/h on the left
Wqp[L˜ = Lg/h, L = Lh] =
q∑
r=0
(−)r
(
q
r
)
(∂ +W g)q−rW0,p+r(L = Lh)
=
q∑
r=0
(−)r
(
q
r
)
(∂ +W g)q−r(∂ +W h)p+r1l
= Y −1g
q∑
r=0
(−1)r
(
q
r
)
∂q−r(Yg/h∂
p+rYh)
= Y −1g (∂
qYg/h)(∂
pYh) , Yg/h = YgY
−1
h
(5.7)
where the identities (5.2a,b) were used in the last two steps.
At this point in the iteration, we have regained the known results for the
coset constructions, since the one-sided coset connections
Wq0(L˜ = Lg/h) = Y
−1
g (∂
qYg/h)Yh (5.8)
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solve the recursion relation (3.20e). To see the factorized biconformal correlators,
note that (5.7) may be rewritten as
Y βg Wqp[L˜ = Lg/h, L = Lh]β
α
= ∂qY βg/h∂
p(Yh)β
α = ∂¯q∂pY α(u¯, u)|u¯=u (5.9a)
Y α(u¯, u)[L˜ = Lg/h, L = Lh] = Y
β
g/h(u¯, u0)Yh(u, u0)β
α (5.9b)
Y αg/h(u, u0) = Y
β
g (u0)Yg/h(u, u0)β
α , Y αg (u) = Y
β
g (u0)Yg(u, u0)β
α . (5.9c)
These forms verify the factorized Ward identities for g/h and h, where Y αg/h
in (5.9c) is the coset correlator. Note also that Y αg , Wqp and the biconformal
correlators are independent of the reference point u0 because
∂u0Y (u, u0) = −W (u0)Y (u, u0) (5.10)
follows for the evolution operator in (5.2a).
We move on now to the first nontrivial affine-Sugawara nest, defined on
g ⊃ h1 ⊃ h2. Renaming groups again and using (4.6), we know from the result
(5.8) for the cosets that
W0p(L = Lh1/h2) = Y
−1
h1
(∂pYh1/h2)Yh2 . (5.11)
Then, we obtain the nest connections
Wqp[L˜ = Lg/h1/h2 , L = Lh1/h2 ] =
q∑
r=0
(−)r
(
q
r
)
(∂ +W g)q−rW0,p+r(L = Lh1/h2)
=
q∑
r=0
(−1)r
(
q
r
)
(∂ +W g)q−r[Y −1h1 (∂
p+rYh1/h2)Yh2]
= Y −1g
q∑
r=0
(−1)r
(
q
r
)
∂q−r[Yg/h1(∂
p+rYh1/h2)Yh2]
= Y −1g
q∑
r=0
(
q
r
)
(∂q−rYg/h1)(∂
pYh1/h2)(∂
rYh2)
(5.12)
from (4.1c), where the identities (5.2a,b) were used in the last two steps. The
nest connections may also be expressed in the form
Wqp[L˜ = Lg/h1/h2 , L = Lh1/h2] =
q∑
r=0
(
q
r
)
W
g/h1
0,q−rW
h1/h2
0p W
h2
0r (5.13)
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where W
g/h
0p = W0p(Lg/h) and W
h
0p = W0p(Lh) are the one-sided connections of
g/h and h. In this form, we see that the nest connections are independent of
the reference point u0.
We may also display the nest connections in the form
YgWqp[L˜ = Lg/h1/h2, L = Lh1/h2 ] =
{
∂¯q∂p[Yg/h1(u¯)Yh1/h2(u)Yh2(u¯)]
}
|u¯=u (5.14)
which verifies the consistency relations (3.12b) on inspection, according to the
remarks below (3.12). Moreover, the form (5.14) shows that the unfactorized
Ward identities (3.10) are solved by the biconformal nest correlators
Y α(u¯, u)[L˜ = Lg/h1/h2 , L = Lh1/h2 ] = Y
β
g/h1
(u¯, u0) Yh1/h2(u, u0)β
γ Yh2(u¯, u0)γ
α
(5.15)
where Y αg/h is the invariant coset correlator defined in (3.16e). According to
(5.10), the biconformal nest correlator is independent of the reference point u0.
In order to factorize the biconformal nest correlator (5.15) into the confor-
mal correlators§ of g/h1/h2 and h1/h2, we need the expansions [14]
Y βg/h1 = Y
m1
g/h1
vβm1(h1) (5.16a)
(Yh1/h2)m1
γ ≡ vβm1(h1)(Yh1/h2)βγ = (Yh1/h2)m1m2vγm2(h2) (5.16b)
(Yh2)m2
α ≡ vγmg(h2)(Yh2)γα (5.16c)
(Yh1/h2)m1
β(
4∑
i=1
T ia )βα = (Yh2)m2β(
4∑
i=1
T ia )βα = 0 , a ∈ h2 (5.16d)
where vαmi(hi) are the hi-invariant tensors of T 1⊗· · ·⊗T 4. Then, (5.15) factorizes
as follows,
Y α(u¯, u)[L˜ = Lg/h1/h2 , L = Lh1/h2 ]
= Y¯ (u¯, u0)[L˜ = Lg/h1/h2 ]
m1
m2
α Y (u, u0)[L = Lh1/h2 ]m1
m2
(5.17a)
Y¯ (u¯, u0)[L˜ = Lg/h1/h2 ]
m1
m2
α = (Yg/h1(u¯, u0)⊗ Yh2(u¯, u0))m1m2α
= Y m1g/h1(u¯, u0) Yh2(u¯, u0)m2
α
(5.17b)
§The evolution operator Yh1/h2(u, u0)β
γ in (5.15) is not a coset correlator because it does
not satisfy the h2-global Ward identities [14].
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Y (u, u0)[L = Lh1/h2]m1
m2 = Yh1/h2(u, u0)m1
m2 (5.17c)
where (5.17) solves the factorized Ward identities (3.14b). The factorization
(5.17) is correct for the h1/h2 theory because the projected factor (Yh1/h2)m1
γ =
(Yh1/h2)m1
m2vγm2(h2) satisfies the h2-global Ward identities (5.16d). Moreover,
Y m1g/h1 and (Yh2)m2
α are equivalent representations of the g/h1 and h2 correlators
respectively.
It is then clear from (5.17b) that the conformal field theory of the nest
Lg/h1/h2 is the tensor-product theory (g/h1) ⊗ h2, as anticipated in Section 2.
Appendix C gives the explicit form of the nest correlators in terms of conformal
blocks.
The procedure followed above can be further iterated to obtain the connec-
tions and biconformal correlators of all the affine-Sugawara nests. The general
scheme is
Wq0(L˜ = Lg/h1/.../hn)→W0p(L = Lh1/.../hn+1)
→Wqp[L˜ = Lg/h1/.../hn+1 , L = Lh1/.../hn+1 ]→ Wq0(L˜ = Lg/h1/.../hn+1)
(5.18)
where the first step uses (4.6b) and a group relabelling, the second step uses
the solution (4.1c) of the invariant consistency relations, and the last step uses
(4.2) at p = 0. Continuing the iteration, we find the invariant biconformal nest
correlators
Y α(u¯, u)[L˜ = Lg/h1/.../h2n+1 , L = Lh1/.../h2n+1 ] =
Y βg/h1(u¯, u0)[Yh1/h2(u, u0)Yh2/h3(u¯, u0) · · ·Yh2n/h2n+1(u¯, u0)Yh2n+1(u, u0)]βα
(5.19a)
Y α(u¯, u)[L˜ = Lg/h1/.../h2n , L = Lh1/.../h2n ] =
Y βg/h1(u¯, u0)[Yh1/h2(u, u0)Yh2/h3(u¯, u0) · · ·Yh2n−1/h2n(u, u0)Yh2n(u¯, u0)]β
α
(5.19b)
which are independent of u0 and solve the unfactorized Ward identities (3.10).
The same scheme can be followed to obtain the n-point biconformal nest
correlators
Aα(z¯, z)[L˜ = Lg/h1/.../h2n+1 , L = Lh1/.../h2n+1 ] =
Aβg/h1(z¯, z0)[Ah1/h2(z, z0)Ah2/h3(z¯, z0) · · ·Ah2n/h2n+1(z¯, z0)Ah2n+1(z, z0)]βα
(5.20a)
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Aα(z¯, z)[L˜ = Lg/h1/.../h2n , L = Lh1/.../h2n ] =
Aβg/h1(z¯, z0)[Ah1/h2(z, z0)Ah2/h3(z¯, z0) · · ·Ah2n−1/h2n(z, z0)Ah2n(z¯, z0)]β
α
(5.20b)
which are independent of the reference point and solve the unfactorized Ward
identities (3.5). Using the general principles of the iteration, the results (5.19)
and (5.20) are verified in Appendix B.
Following the discussion of the first nest above, Appendix C discusses the
factorization of the biconformal nest correlators (5.19) into the conformal cor-
relators of the general nest. The result
Y¯ [L˜ = Lg/h1/.../h2n+1 ] = Yg/h1 ⊗ Yh2/h3 ⊗ · · · ⊗ Yh2n−2/h2n−1 ⊗ Yh2n/h2n+1 (5.21a)
Y¯ [L˜ = Lg/h1/.../h2n ] = Yg/h1 ⊗ Yh2/h3 ⊗ · · · ⊗ Yh2n−2/h2n−1 ⊗ Yh2n (5.21b)
shows that all the affine-Sugawara nests are tensor-product theories. The con-
formal blocks of the general nest and an explicit example are also worked out in
Appendix C.
Beyond the coset constructions and affine-Sugawara nests, it is clear that
solution of the factorized Ward identities will be more complex. In the following
sections, we develop an algebraic reformulation of the system, which, given the
affine-Virasoro connections, allows the construction of global solutions across all
affine-Virasoro space.
6 Algebraization of the Ward Identities
Given the affine-Virasoro connections, the factorized affine-Virasoro Ward iden-
tities (3.14) are an all-order system of non-linear differential equations. In this
section we show that the system has an equivalent algebraic formulation, ob-
served in discussion with E. Kiritsis.
The algebraization may be understood in two ways. In the first viewpoint,
we solve the unfactorized Ward identities (3.5) and (3.10) by the partially-
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factorized forms of the biconformal correlators
Aα(z¯, z) =
∞∑
q,p=0
1
q!
n∑
j1...jq
1
p!
n∑
i1...ip
q∏
µ=1
(z¯jµ − z0jµ) [Aβg (z0)Wj1...jq,i1...ip(z0)βα]
p∏
ν=1
(ziν − z0iν )
(6.1a)
Y α(u¯, u) =
∞∑
q,p=0
(u¯− u0)q
q!
[Y βg (u0)Wqp(u0)β
α]
(u− u0)p
p!
(6.1b)
where z0 = {z0i } and u0 are regular reference points. These forms verify the
unfactorized Ward identities by differentiation, as seen explicitly for the invariant
case as follows
∂¯q∂pY α(u¯, u)|u¯=u =
∞∑
r,s=0
(u− u0)r+s
r! s!
Y βg (u0)Wr+q,s+p(u0)β
α
= Y βg (u0)(Yg(u, u0)Wqp(u))β
α = Y βg (u)Wqp(u)β
α .
(6.2)
Here, the translation sum rules (4.3b) were used in the last step, and the same
steps with (4.3a) verify the partially-factorized form of the general biconformal
correlators in (6.1a).
Note also that the biconformal correlators in (6.1) are independent of the
reference point used to define the partial factorization, for example,
∂u0Y
α(u¯, u) =
∞∑
q,p=0
(u¯− u0)q
q!
(u− u0)p
p!
Y βg (u0)
× [(∂u0 +W g(u0))Wqp(u0)−Wq+1,p(u0)−Wq,p+1(u0)]βα = 0
(6.3)
where the consistency relations (3.12b) were used in the last step. Similarly,
∂/∂z0i A
α(z¯, z) = 0 is verified with the consistency relations (3.12a).
The meaning of the partially-factorized forms in (6.1) is that the factorized
Ward identities can be solved algebraically. More precisely, the biconformal
correlators are completely factorized (and hence the factorized Ward identities
solved) if we can factorize the connections at the reference point, which is an
algebraic problem. For the general connections, the abstract form of this fac-
torization reads
Cαj1...jq,i1...ip ≡ Aβg (z0)Wj1...jq,i1...ip(z0)βα = (A¯j1...jq Ai1...ip)α (6.4a)
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A¯j1...jq ≡ ∂j1 . . . ∂jqA¯(z)|z=z0 , Ai1...ip ≡ ∂i1 . . . ∂ipA(z)|z=z0 (6.4b)
while for the invariant case we have the simpler problem
Cαqp ≡ Y βg (u0)Wqp(u0)βα = (Y¯q Yp)α (6.5a)
Y¯q ≡ ∂qY¯ (u)|u=u0 , Yp ≡ ∂pY (u)|u=u0 . (6.5b)
In the following section, we shall return to study the concrete factorization
ansa¨tze (3.15) in this algebraic form.
An equivalent statement of the algebraization is as follows. The factorized
Ward identities in (3.14) are completely solved if they are solved at the reference
point, where they read
(A¯j1...jq Ai1...ip)
α = Cαj1...jq,i1...ip (6.6a)
(Y¯q Yp)
α = Cαqp (6.6b)
in the notation of (6.4) and (6.5). To check this for the invariant case, assume
(6.6b) and follow the steps
(∂qY¯ ∂pY )α =
∞∑
r=0
(u− u0)r
r!
∂r(∂qY¯ ∂pY )α|u=u0
=
∞∑
r=0
(u− u0)r
r!
r∑
s=0
(
r
s
)
(∂q+sY¯ ∂p+r−sY )α|u=u0
=
∞∑
r=0
(u− u0)r
r!
r∑
s=0
(
r
s
)
(Y¯q+s Yp+r−s)
α
=
∞∑
r=0
(u− u0)r
r!
r∑
s=0
(
r
s
)
Cαq+s,p+r−s
= Y βg (u0)
∞∑
r=0
(u− u0)r
r!
r∑
s=0
(
r
s
)
Wq+s,p+r−s(u0)β
α
= Y βg (u0)
∞∑
r,s=0
(u− u0)r+s
r! s!
Wq+s,p+r(u0)β
α
= Y βg (u)Wqp(u)β
α
(6.7)
where
∑∞
r=0
∑r
s=0 f(r, s) =
∑∞
r,s=0 f(r+ s, s) and the translation sum rule (4.3b)
were used in the final steps. Similarly, one uses the translation sum rule (4.3a) to
see that the factorized n-point Ward identities (3.14a) are solved by the algebraic
factorization (6.6a).
21
7 Factorization
In this section, we factorize the invariant biconformal correlators via concrete
realizations of the algebraic factorization (6.5).
In particular, we distinguish four concrete algebraic factorization ansa¨tze
Wqp(u0)β
α =
∑
ν
(Y¯qν)β
γ(Yνp)γ
α [matrix] (7.1a)
Wqp(u0)β
α =
∑
ν
Y¯qνβ Y
α
νp [vector] (7.1b)
Wqp(u0)β
α =
∑
ν
Y¯ αqνβ Yνp [vector-bar] (7.1c)
Cαqp =
∑
ν
Y¯ αqν Y
α
νp [symmetric] (7.1d)
which correspond to the factorization ansa¨tze listed in (3.15) as follows,
[matrix] Y α(u¯, u) =
∑
ν
Y¯ βν (u¯)Yν(u)β
α (7.2a)
Y¯ αν (u¯) = Y
β
g (u0)
∞∑
q=0
(u¯− u0)q
q!
(Y¯qν)β
α , Yν(u)β
α =
∞∑
p=0
(Yνp)β
α (u− u0)p
p!
[vector] Y α(u¯, u) =
∑
ν
Y¯ν(u¯)Y
α
ν (u) (7.2b)
Y¯ν(u¯) = Y
β
g (u0)
∞∑
q=0
(u¯− u0)q
q!
Y¯qνβ , Y
α
ν (u) =
∞∑
p=0
Y ανp
(u− u0)p
p!
[vector-bar] Y α(u¯, u) =
∑
ν
Y¯ αν (u¯)Yν(u) (7.2c)
Y¯ αν (u¯) = Y
β
g (u0)
∞∑
q=0
(u¯− u0)q
q!
Y¯ αqνβ , Yν(u) =
∞∑
p=0
Yνp
(u− u0)p
p!
[symmetric] Y α(u¯, u) =
∑
ν
Y¯ αν (u¯)Y
α
ν (u) (7.2d)
Y¯ αν (u¯) =
∞∑
q=0
(u¯− u0)q
q!
Y αqν , Y
α
ν (u) =
∞∑
p=0
Y ανp
(u− u0)p
p!
.
The four ansa¨tze share the notion of a conformal structure index ν, while differ-
ing in the assignment of the Lie algebra indices α, β. We remind the reader that
the solution (3.19) for g/h and h resides in the vector ansatz (7.2b) with ν =M .
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Moreover, the factorization (5.17a) of the first non-trivial affine-Sugawara nest
is in the vector-bar ansatz with ν = (m1, m2). For the general nest, the factor-
ization of (5.19) (see eq.(C.3)) is in the vector ansatz for L˜ = Lg/h1/.../h2n+1 and
in the vector-bar ansatz for L˜ = Lg/h1/.../h2n .
More generally, the matrices Wqp(u0) and Cqp = Yg(u0)Wqp(u0) are infi-
nite dimensional, so we expect (and will find) that each of the ansa¨tze exhibits
infinite-dimensional factorizations, with an infinite number of conformal struc-
tures, for any K-conjugate pair of affine-Virasoro constructions. An infinite-
dimensional conformal structure is expected in irrational conformal field theory,
but the problem is that there are too many solutions, many of which are appar-
ently not physical.
As an example, consider the matrix ansatz (7.1a), whose solutions for any
invertible Y¯ are
Yνp =
∞∑
q=0
(Y¯ −1)νqWqp(u0) , ν, p = 0, 1, . . . . (7.3)
This is a very large class of solutions to the Ward identities, most of which
must be unacceptable as they stand. To understand this, consider the simple
particular solution
(Y¯qν)α
β = (Y¯ −1)qα,ν
β = δqνδ
β
α , (Yνp)α
β = Wνp(u0)α
β (7.4a)
Y¯ αν (u, u0) = Y
α
g (u0)
(u− u0)ν
ν!
, Yν(u, u0)α
β =
∞∑
p=0
Wνp(u0)α
β (u− u0)p
p!
(7.4b)
whose conformal structures Y¯ αν , ν = 0, 1, . . . do not show the conformal weights
of the L˜ theory. We believe that these conformal structures should be viewed
only as a basis for a physical solution, reasoning as follows. Given any particular
solution Y¯ (u0), Y (u0) to (7.1a), we also obtain the associated family of solutions
Y¯ Ω(u, u0) = Y¯ (u, u0) Ω(u0) , Y
Ω(u, u0) = Ω
−1(u0) Y (u, u0) (7.5)
where Y¯ (u, u0), Y (u, u0) is the particular solution and Ω(u0) is an arbitrary
invertible matrix. It is then clear that the conformal structures Y¯ αν (u, u0) in
(7.4) are a basis for the family
(Y¯ αµ )
Ω(u, u0) =
∞∑
ν=0
Y¯ αν (u, u0) Ω(u0)νµ =
∞∑
ν=0
Y αg (u0)
(u− u0)ν
ν!
Ω(u0)νµ (7.6)
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which is an essentially arbitrary power series in (u− u0).
Our attention is then focused on the problem of finding a good basis, in
which the solution is physical, by paying attention to general principles. In
what follows, we study a natural factorization in the vector ansatz which gives
a global solution across all affine-Virasoro space. This solution
a) reproduces the correlators (3.16e) and (5.21) of the coset constructions
and the affine-Sugawara nests,
b) exhibits braiding for all affine-Virasoro constructions, and
c) shows physical behavior at high level for all affine-Virasoro constructions
on simple g.
8 Factorization by Connection Eigenvectors
The invariant affine-Virasoro connections (Wqp)α
β define an infinite-dimensional
eigenvalue problem
∑
p
Wqp(u0)α
βψ¯
(ν)
pβ (u0) = Eν(u0)ψ¯
(ν)
qα (u0) (8.1a)
∑
q
ψβq(ν)(u0)Wqp(u0)β
α = Eν(u0)ψ
α
p(ν)(u0) (8.1b)
whose eigenvectors provide a natural factorization in the vector ansatz (7.2b),
Wqp(u0)α
β =
∞∑
ν=0
ψ¯(ν)qα (u0)Eν(u0)ψ
β
p(ν)(u0) (8.2a)
Y¯ν(u, u0) =
√
Eν(u0) Y
α
g (u0)ψ¯
(ν)
α (u, u0) , ψ¯
(ν)
α (u, u0) ≡
∞∑
q=0
(u− u0)q
q!
ψ¯(ν)qα (u0)
(8.2b)
Y αν (u, u0) =
√
Eν(u0)ψ
α
(ν)(u, u0) , ψ
α
(ν)(u, u0) ≡
∞∑
p=0
(u− u0)p
p!
ψαp(ν)(u0) .
(8.2c)
More precisely, the spectral resolution (8.2a) holds when (Wqp)α
β is diagonal-
izable, which we shall see is true at least down to some finite level because it
is true at high level (see Section 10). In what follows, we refer to the basic
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structures ψ¯(ν)α (u, u0), ψ
α
(ν)(u, u0) in (8.2b,c) as the conformal eigenvectors of the
L˜ and L theories respectively. Note also that only the conformal eigenvectors
with Eν 6= 0 contribute to the factorized correlators Y¯ and Y .
An equivalent form of the factorized correlators (8.2b,c)
Y¯ν(u, u0) =
1√
Eν(u0)
∞∑
p=0
ψ¯(ν)pα (u0) ∂
p
u0
f¯α0 (u, u0) (8.3a)
Y αν (u, u0) =
1√
Eν(u0)
∞∑
q=0
ψβq(ν)(u0)[(∂u0 +W
g(u0))
qf0(u, u0)]β
α (8.3b)
f¯α0 (u, u0) ≡ Y βg (u0)
∞∑
q=0
(u− u0)q
q!
Wq0(u0)β
α (8.3c)
f0(u, u0)β
α ≡
∞∑
p=0
W0p(u0)β
α (u− u0)p
p!
(8.3d)
is obtained by using the eigenvalue equations for Eν 6= 0 and the identities
∞∑
q=0
(u− u0)q
q!
Wqp(u0) = (∂u0 +W
g(u0))
p
∞∑
q=0
(u− u0)q
q!
Wq0(u0) (8.4a)
∞∑
p=0
Wqp(u0)
(u− u0)p
p!
= (∂u0 +W
g(u0))
q
∞∑
p=0
W0p(u0)
(u− u0)p
p!
(8.4b)
which follow from the consistency relations (3.12b) or their solutions in (4.1c,d).
In this form, the factorized correlators are expressed as eigenvector projections
of the basic structures f¯0, f0.
As a first test of the global solution (8.2) and (8.3), we reconsider the
familiar case L˜ = Lg/h and L = Lh, for which the basic structures (8.3c,d) are
easily summed,
f¯α0 (u, u0) = Y
α
g/h(u, u0) , f0(u, u0)α
β = Yh(u, u0)α
β (8.5)
using the connections in (5.8) and (5.6b). Moreover, we can use (5.10) to eval-
uate the u0 derivatives in (8.3a), which gives
Y¯ g/hν (u, u0) = Y
α
g/h(u, u0)d
(ν)
α (u0) , d
(ν)
α (u0) ≡
1√
Eν(u0)
∞∑
p=0
W h0p(u0)α
βψ¯
(ν)
pβ (u0)
(8.6)
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for the coset constructions. In this case, the conformal structures are degenerate
in that all the u dependence of each structure is in the same correct coset factor
Y αg/h(u, u0), defined in (3.16e).
We have also checked that the global solution reproduces the known results
in Section 5 for all the affine-Sugawara nests. As an example, the basic structure
f¯0 and the factorized correlators of the first non-trivial nests,
f¯α0 (u, u0) = Y
β
g/h1
(u, u0)Yh2(u, u0)β
α (8.7a)
Y¯ g/h1/h2ν (u, u0) = Y
m1
g/h1
(u, u0)Yh2(u, u0)m2
αD(ν)m2m1α (u0) (8.7b)
D(ν)m2m1α (u0) ≡
1√
Eν(u0)
∞∑
p=0
W
h1/h2
0p (u0)m1
m2ψ¯(ν)pα (u0) (8.7c)
vβm1(h1)(W
h1/h2
0p )β
α ≡ (W h1/h20p )m1m2vαm2(h2) (8.7d)
are obtained with (8.3), (5.12), (5.10), (3.20e) and (5.16) for L˜ = Lg/h1/h2. The
conformal structures in (8.7b) are again degenerate, with all u dependence in
the correct nest factor Yg/h1 ⊗ Yh2.
In what follows, we study two general features of the eigenvectors, which
provide some evidence for good physical behavior of these solutions across all
affine-Virasoro space.
9 An Origin for Braiding in Irrational CFT
In rational CFT, braiding appears as a property of linear differential equations,
but, in the general CFT’s of the Virasoro master equation, it is unlikely that
linear differential equations [20,7,14] extend beyond the coset constructions. An
important feature of the solution (8.2) is that it is based on a linear (eigenvalue)
problem, which, as we shall see, generates braiding in the more general context.
To begin, we write the corresponding eigenvalue problem (8.1) in the more
flexible notation
Wqp(u0)ψ¯
(ν(u0))
p (u0) = Eν(u0)(u0)ψ¯
(ν(u0))
q (u0) (9.1a)
ψq(ν(u0))(u0)Wqp(u0) = Eν(u0)(u0)ψp(ν(u0))(u0) (9.1b)
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to facilitate comparison with the eigenvalue problem at 1− u0,
Wqp(1− u0)ψ¯(ν(1−u0))p (1− u0) = Eν(1−u0)(1− u0)ψ¯(ν(1−u0))q (1− u0) (9.2a)
ψq(ν(1−u0))(1− u0)Wqp(1− u0) = Eν(1−u0)(1− u0)ψp(ν(1−u0))(1− u0) . (9.2b)
In these forms, we avoid any labelling prejudice by allowing the conformal struc-
ture index ν to depend on u0 or 1− u0.
The eigenvalue problem at 1− u0 may be rewritten as
Wqp(u0)[(−)pP23ψ¯(ν(1−u0))p (1− u0)] = Eν(1−u0)(1− u0)[(−)qP23ψ¯(ν(1−u0))q (1− u0)]
(9.3a)
[(−)qψq(ν(1−u0))(1−u0)P23]Wqp(u0) = Eν(1−u0)(1−u0)[(−)pψp(ν(1−u0))(1−u0)P23]
(9.3b)
by using the crossing symmetry (4.8) of the connections. Comparing (9.3) to
the eigenvalue problem (9.1) at u0, we learn first that the set of all eigenvalues
is closed under u0 → 1− u0
{Eν(1−u0)(1− u0)} = {Eν(u0)(u0)} (9.4)
and we also learn that the connection eigenvectors enjoy the crossing symmetry
(−)pP23 ψ¯(ν(1−u0))pα (1− u0) =
∑
(µ |Eµ(u0)(u0)=Eν(1−u0)(1−u0))
ψ¯(µ(u0))pα (u0) X¯µ(u0)
ν(1−u0)
(9.5a)
(−)pψαp(ν(1−u0))(1− u0)P23 =
∑
(µ |Eµ(u0)(u0)=Eν(1−u0)(1−u0))
Xν(1−u0)
µ(u0) ψαp(µ(u0))(u0) .
(9.5b)
The sums are over the u0-eigenvectors with eigenvalue in the degenerate subspace
labelled by Eν(1−u0)(1− u0), and X¯, X are braid matrices, to be determined.
The crossing symmetry (9.5) translates directly to the braiding of the con-
formal eigenvectors
P23ψ¯
(ν(1−u0))
β (1− u, 1− u0) =
∑
(µ |Eµ(u0)(u0)=Eν(1−u0)(1−u0))
ψ¯
(µ(u0))
β (u, u0) X¯µ(u0)
ν(1−u0)
(9.6a)
ψα(ν(1−u0))(1− u, 1− u0)P23 =
∑
(µ |Eµ(u0)(u0)=Eν(1−u0)(1−u0))
Xν(1−u0)
µ(u0) ψα(µ(u0))(u, u0)
(9.6b)
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according to their definition in (8.2b,c). The braiding (9.6) of the conformal
eigenvectors, and the origin of the braiding in an eigenvalue problem, are among
the central results of this paper. It remains to study this braiding at the level
of conformal blocks, but, because the solution correctly includes the correlators
of the coset constructions, there can be little doubt that (9.6) includes and
generalizes the braiding of rational conformal field theory.
10 The High-Level Correlators of Irrational CFT
Beyond the coset constructions, it is unlikely that a closed form solution can be
obtained for the connection eigenvalue problem (8.1). On the other hand, the
problem is tractable by high-level expansion [12,14], which takes the form of a
degenerate perturbation theory.
For the expansion, we restrict ourselves to a fixed choice of external repre-
sentations T on simple g, with conformal weights ∆(T ) = O(k−1) at high level.
Then, the invariant connections exhibit the form in (4.12b),
Wqp = Wq0W0p + V , V = O(k−2) (10.1)
which defines a Hamiltonian perturbation theory with leading-order Hamiltonian
Wq0W0p and perturbing potential V . The result at V = 0 is exact to all orders
for L˜ = Lg/h and L = Lh, but, beyond the coset constructions, the form of V will
generally violate the factorized form Wq0W0p of the leading-order Hamiltonian.
The eigenvalue problem of the leading-order Hamiltonian
Wq0(u0)α
γ [
∑
p
W0p(u0)γ
βψ¯
(ν)
pβ (u0)] = Eν(u0)ψ¯
(ν)
qα (u0) (10.2a)
[
∑
q
ψβq(ν)(u0)Wq0(u0)β
γ ]W0p(u0)γ
α = Eν(u0)ψ
α
q(ν)(u0) (10.2b)
is itself non-trivial, but, according to (8.2a), we need only those eigenvectors with
Eν 6= 0, which are easily characterized by solving (10.2) for the eigenvectors on
the right. It follows that all the eigenvectors with Eν 6= 0 have the form
ψ¯(ν)qα (u0) =Wq0(u0)α
βφ¯
(ν)
β (u0) , ψ
α
p(ν)(u0) = φ
β
(ν)(u0)W0p(u0)β
α , Eν 6= 0
(10.3)
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where φ¯ and φ are the (non-zero eigenvalue) eigenvectors of the reduced eigen-
value problem
M(u0)α
βφ¯
(ν)
β (u0) = Eν(u0)φ¯
(ν)
α (u0) , φ
β
(ν)(u0)M(u0)β
α = Eν(u0)φ
α
(ν)(u0)
(10.4a)
M(u0)α
β ≡∑
p
(W0p(u0)Wp0(u0))α
β (10.4b)
which is defined on the space T 1⊗T 2⊗T 3⊗T 4 of the representation matrices.
This result establishes the remarkable fact that only a finite number of
conformal structures
Y¯ν(u, u0) =
√
Eν(u0) Y
α
g (u0)ψ¯
(ν)
a (u, u0)
=
√
Eν(u0) Y
α
g (u0)
∞∑
q=0
(u− u0)q
q!
Wq0(u0)α
βφ¯
(ν)
β (u0) +O(k−2) (10.5a)
Y αν (u, u0) =
√
Eν(u0)ψ
a
(ν)(u, u0)
=
√
Eν(u0)φ
β
(ν)(u0)
∞∑
p=0
W0p(u0)β
α (u− u0)p
p!
+O(k−2) (10.5b)
Eν 6= 0 , ν = 0, 1, . . . , D(T )− 1 , D(T ) ≤
4∏
i=1
dim T i (10.5c)
contribute to the affine-Virasoro correlators at leading order. The counting is a
consequence of the factorized form Wq0W0p of the leading-order Hamiltonian, a
property which will be lost at higher order for the generic construction. In this
case, higher-order perturbation theory will generate more non-zero eigenvalue
eigenvectors (from the infinite subspace Eν = 0 in (10.2)), leading eventually to
an infinite number of contributing conformal structures for the generic affine-
Virasoro correlator.
On the other hand, the form (10.1) at V = 0, and hence the solution (10.5),
is exact to all orders for L˜ = Lg/h and L = Lh. With (8.5), this gives
Y¯ g/hν (u, u0) = Y
α
g/h(u, u0)
√
Eν(u0) φ¯
(ν)
α (u0) , ν = 0, 1, . . . , D(T )− 1 (10.6)
for the coset constructions, in agreement with (8.6).
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More generally, we may use the explicit form of the high-level connections
in (3.11), (4.9) and (4.11), for example,
Wq0(u) = (−)q−1(q − 1)! P˜ab
k
(T 1a T 2b u−q + T 1a T 3b (u− 1)−q) +O(k−2) , q ≥ 1
(10.7)
to sum the series in (10.5). The result summarizes the high-level affine-Virasoro
correlators
Y¯ν(u, u0) = Y
α
L˜
(u, u0)
√
Eν(u0) φ¯
(ν)
α (u0) +O(k−2) (10.8a)
Y αL˜ (u, u0) = Y
β
g (u0)(1l +
P˜ab
k
[
T 1a T 2b ln
(
u
u0
)
+ T 1a T 3b ln
(
1− u
1− u0
)]
)β
α +O(k−2)
(10.8b)
L˜ab =
P˜ ab
2k
+O(k−2) (10.8c)
for all affine-Virasoro constructions L˜ on simple g. The form (10.8) is one of the
central results of this paper.
As seen above for the coset constructions, the high-level conformal struc-
tures (10.8) are degenerate in that all the u dependence of each structure is in the
same factor Y α
L˜
(u, u0). We remark that the factor Y
α
L˜
(u, u0) is the n = 4 invari-
ant form of the high-level n-point correlators conjectured for all affine-Virasoro
constructions in eq.(14.3) of Ref.[14]. Since the coset correlators (10.6) are cor-
rectly included in the exact solution, the form (10.8) with P˜ = P˜g/h = Pg − Ph
is correct for all high-level coset constructions. More generally, we will argue
below that the form shows good physical behavior for all the constructions.
More precisely, we will find that the factor Y α
L˜
(u, u0) shows the correct
L˜ab-broken conformal weights, and hence the correct singularities, for an affine-
Virasoro correlator of four broken affine primary fields. To see this, we first
expand Yg(u0), Yg(u0)
∑4
i=1 T ia = 0 in a basis of invariant tensors vα4 of T 1 ⊗
T 2 ⊗ T 3 ⊗ T 4,
Y αg (u0) =
∑
r,ξ,ξ′
Fg(r, ξ, ξ′; u0) vα4 (r, ξ, ξ′) , vβ4 (r, ξ, ξ′)
4∑
i=1
(T ia )βα = 0 .
(10.9)
The coefficients Fg are related to the affine-Sugawara conformal blocks at u = u0,
whose precise form is not relevant in the present discussion. One choice for vα4
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is the s-channel basis
vα1α1α3α44 (r, ξ, ξ
′) =
∑
αrαr¯
vα1α2αr¯3 (ξ) v
α3α4αr
3 (ξ
′) ηαr¯αr (10.10a)
v
αiαjαr¯
3 (ξ) =
∑
αr
(
αi αj r(ξ)
i j αr
)
ηαrαr¯ (10.10b)
v
βiβjβr
3 (ξ)(T ia + T ja + T ra )βiβjβrαiαjαr = 0 (10.10c)
where vα3 (ξ) are the invariant tensors of T i ⊗ T j ⊗ T r, T r an irreducible rep-
resentation of g. In (10.10b), these tensors are given in terms of the inverse
metric ηαrαr¯ on the carrier space of T r and the Clebsch-Gordan coefficients
(· · ·) for the decomposition T i ⊗ T j = ⊕rT r. The ξ label in vα3 is needed when
a representation T r appears more than once in the decomposition.
Physically, the argument r in vα4 (r, ξ, ξ
′) labels the irreps T r of g which
appear in the s channel (u → 0) of the four-point correlators, while ξ, ξ′ dis-
tinguish the different couplings of the various copies of T r. The basis (10.10)
was obtained by studying Haar integration over four representations of g, and
corresponding t- and u-channel bases are obtained by permutations of α1α2α3α4
in (10.10a).
Using (3.1) and (10.10c), we verify the exact relation
vβ1β2αr3 (ξ)[2L˜
abT 1a T 2b ]β1β2α1α2 = vα1α2αr3 (ξ)(∆˜αr(T r)− ∆˜α1(T 1)− ∆˜α2(T 2))
(10.11)
where {∆˜α(T )} = diag(L˜abTaTb) are the conformal weights of the broken affine-
primary states corresponding to the external representations T 1, T 2 and the s
channel representation T r.
Collecting these results, we find that
Y αL˜ (u, u0) ≃u→0
∑
r,ξ,ξ′
αrαr¯
Fg(r, ξ, ξ′; u0) vα1α2αr¯3 (ξ)
(
u
u0
)∆˜αr−∆˜α1−∆˜α2
vα3α4αr3 (ξ
′) ηαr¯αr
+O(k−2) (10.12)
which shows the correct conformal weight factor (u/u0)
∆˜αr−∆˜α1−∆˜α2 for broken
affine primaries in the s channel. A similar analysis in the t channel (u → 1)
shows the expected factor ((1 − u)/(1 − u0))∆˜αt−∆˜α1−∆˜α3 , where t labels the
broken affine primaries in the t channel.
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From (10.12), we may also read the high-level fusion rules of the broken
affine modules: In rational and irrational conformal field theory, these rules fol-
low the Clebsch-Gordan coefficients (10.10b) of the representations. We remind
the reader that the coefficients are computed in the simultaneous L-basis of the
representations (see Section 3), where all the conformal weight matrices are di-
agonal. The next step is to study the braiding of the high-level conformal blocks
of (10.8).
11 Conclusions
The affine-Virasoro Ward identities [14] are a system of non-linear differential
equations which describe the correlators of all affine-Virasoro constructions, in-
cluding rational and irrational conformal field theory. In Ref.[14], we solved
the Ward identities for the coset constructions, providing a derivation of the
coset blocks of Douglas [15]. In this paper, we solved for the conformal correla-
tors of the affine-Sugawara nests, and showed that global solutions exist across
all affine-Virasoro space, so long as a generically-infinite number of conformal
structures is allowed. This is in agreement with intuitive notions about irrational
conformal field theory.
We focused on a particular global solution which is based on a natural
eigenvalue problem in the system. This solution reproduces the correct coset
and nest correlators and exhibits a braiding for all affine-Virasoro correlators
which includes and generalizes the braiding of rational conformal field theory.
The underlying mechanism of the braiding is the linearity of the eigenvalue
problem.
The solution also shows good physical behavior, at least at high level on
simple g, where we are able to see the high-level correlators and high-level fusion
rules of irrational conformal field theory.
In this first look at the correlators of irrational conformal field theory, we
have raised as many questions as we have answered. In particular, further work
is necessary to be certain that our particular solution is globally physical at
higher order and/or finite level.
We are least satisfied in our understanding of the multiplicity of solutions
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to the system, which is associated to various factorization ansa¨tze. In spite of
appearances, we have seen some evidence that these solutions are related to
each other, sometimes via irrelevant constants and sometimes via a change of
basis, as noted in Section 7. Alternately, it is possible that we lack a boundary
condition on the system, whose nature could be central in finding the correct
solution.
To supplement future discussion of these questions, we have included in
Appendix D the results of another natural factorization, in the symmetric ansatz.
Although the assignment of the Lie algebra indices is quite different in this
solution, it gives the same correct coset and nest correlators, and the same
high-level correlators for all affine-Virasoro constructions.
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Appendix A: Second-order connections
For use in the text, we give the known forms of the second-order (q+p = 2)
affine-Virasoro connections [14]. For the n-point connections, we have
W0,ij = ∂iW0,j+
1
2
(W0,i,W0,j)++E0,ij , Wij,0 = ∂iWj,0+
1
2
(Wi,0,Wj,0)++Eij,0
(A.1a)
Wi,j = Wi,0W0,j + Ei,j (A.1b)
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Ei,j = −2iLdaLe(bfdec)

T
j
c T jb T ia + T ic T ib T ja
z2ij
− 2
n∑
k 6=i,j
T kc T ib T ja
zijzik

 , i 6= j
(A.1c)
E0,ij = −1
2
(Ei,j + Ej,i) , Eij,0 = E0,ijEi,i = −
n∑
j 6=i
Ei,j (A.1d)
and the corresponding invariant second-order connections are
W02 = ∂W01 +W
2
01 + E02 , W20 = ∂W10 +W
2
10 + E20 (A.2a)
W11 = W10W01 − E02 =W01W10 − E20 (A.2b)
E02 = −2iLdaLe(bfdec)Vabc , E20 = E02|L→L˜ (A.2c)
Vabc =
1
u2
[T 1a T 2b T 2c +T 2a T 1b T 1c ]+
1
(u− 1)2 [T
1
a T 3b T 3c +T 3a T 1b T 1c ]+
2
u(u− 1)T
1
a T 2b T 3c .
(A.2d)
More generally, the invariant one-sided connections W0p can be obtained from
the four-point connections by iterating the general SL(2, IR)×SL(2, IR) relation
W0p(u) =
1
fp,p(z)

W0,1...1(z) + (−)p+1Γ(2∆1 + p)
Γ(2∆1)
1
zp14
−
p−1∑
s=1
fp,s(z)W0s(u)
−
p−1∑
r=1
(
p
r
)
(−1)rΓ(2∆1 + r)
Γ(2∆1)
1
zr14
p−r∑
s=0
fp−r,s(z)W0s(u)


(A.3a)
∂p1 =
(
∂u
∂z1
∂u
)p
=
p∑
s=1
fp,s(z)∂
s
u (A.3b)
and using the global Ward identity to eliminate the fourth representation T 4.
Then, the mixed invariant connections Wqp can be obtained from W0p by using
the solution (4.1c) of the invariant consistency relations.
Appendix B: General A-S nest connections
The biconformal correlators (5.19) and (5.20) of the affine-Sugawara (A-
S) nests were obtained by continuing the iteration schematized in (5.18). In
this appendix, we use the general principles of the iteration to prove that these
results are correct.
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By differentation of the invariant biconformal correlators (5.19) and com-
parison with (3.10), we obtain the invariant connections of the general nest
Wqp[L˜ = Lg/h1/.../h2n+1 , L =Lh1/.../h2n+1 ]
= Y −1g
{
∂¯q∂p[Yg/h1(u¯)Yh1/h2 (u) Yh2/h3(u¯) · · ·Yh2n/h2n+1(u¯)Yh2n+1(u)]
}
|u¯=u
= Y −1g
q∑
j1=0
j1∑
j2=0
· · ·
jn−1∑
jn=0
p∑
i1=0
i1∑
i2=0
· · ·
in−1∑
in=0
(
q
j1
)(
p
i1
) n∏
k=2
(
jk−1
jk
)(
ik−1
ik
)
×∂q−j1Yg/h1∂p−i1Yh1/h2∂j1−j2Yh2/h3∂i1−i2Yh3/h4 · · ·
×∂jn−1−jnYh2n−2/h2n−1∂in−1−inYh2n−1/h2n∂jnYh2n/h2n+1∂inYh2n+1
(B.1a)
Wqp[L˜ = Lg/h1/.../h2n ,L = Lh1/.../h2n ]
= Y −1g
{
∂¯q∂p[Yg/h1(u¯)Yh1/h2(u) Yh2/h3(u¯) · · ·Yh2n−1/h2n(u)Yh2n(u¯)]
}
|u¯=u
= Y −1g
q∑
j1=0
j1∑
j2=0
· · ·
jn−1∑
jn=0
p∑
i1=0
i1∑
i2=0
· · ·
in−2∑
in−1=0
(
q
j1
)(
p
i1
)(
jn−1
jn
)
n−1∏
k=2
(
jk−1
jk
)(
ik−1
ik
)
×∂q−j1Yg/h1∂p−i1Yh1/h2∂j1−j2Yh2/h3∂i1−i2Yh3/h4 · · ·
×∂jn−1−jnYh2n−2/h2n−1∂in−1−inYh2n−1/h2n∂jnYh2n .
(B.1b)
These connections are guaranteed to satisfy the consistency relations (3.12b),
which are the integrability conditions for the existence of the biconformal cor-
relators.
Then, we need only check the embedding relations
W0p(L = Lh1/.../h2n+1) =Wp0(L˜ = Lh1/.../h2n+1) (B.2a)
W0p(L = Lh1/.../h2n) =Wp0(L˜ = Lh1/.../h2n) (B.2b)
which are verified from (B.1) by choosing first q = 0 and then p = 0, followed
by the appropriate renaming of groups.
As another check on these results, note that the form (B.1b) for the even
nests can be obtained from the form (B.1a) for the odd nests by setting h2n+1 = 0
and Yh2n+1 = 1.
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An alternate expression for the invariant nest connections
Wqp[L˜ = Lg/h1/.../h2n+1 , L = Lh1/.../h2n+1 ] =
q∑
j1=0
j1∑
j2=0
· · ·
jn−1∑
jn=0
p∑
i1=0
i1∑
i2=0
· · ·
in−1∑
in=0
(
q
j1
)(
p
i1
) n∏
k=2
(
jk−1
jk
)(
ik−1
ik
)
×W g/h10,q−j1W h1/h20,p−i1W h2/h30,j1−j2W h3/h40,i1−i2 · · ·W h2n−2/h2n−10,jn−1−jn W h2n−1/h2n0,in−1−in W h2n/h2n+10jn W h2n+10in
(B.3)
follows with (5.8), and the corresponding result for even nests is obtained from
(B.3) with h2n+1 = 0, Yh2n+1 = 1 and W
h2n+1
0in = δin,0. This form of the connec-
tions shows that they are independent of the reference point u0 of the evolution
operators, and it is also the most convenient form to check against the known
forms of the first and second-order connections in (3.11) and (A.2). After some
algebra, we find that they are in complete agreement.
We turn now to the general n-point biconformal nest correlators in (5.20).
To check this result, we need the general n-point nest connections
Wj1...jq ,i1...ip[L˜ = Lg/h1/.../h2n+1 , L = Lh1/.../h2n+1 ] =
A−1g
∑
P(j1...jq)
1
q!
∑
P(i1...ip)
1
p!
q∑
l1=0
l1∑
l2=0
· · ·
ln−1∑
ln=0
p∑
k1=0
k1∑
k2=0
· · ·
kn−1∑
kn=0
×
(
q
l1
)(
p
k1
) n∏
r=2
(
lr−1
lr
)(
kr−1
kr
)
( q−l1∏
µ1=1
∂jµ1 )Ag/h1



(p−k1∏
ν1=1
∂iν1 )Ah1/h2


×

( q−l2∏
µ2=
q−l1+1
∂jµ2 )Ah2/h3



( p−k2∏
ν2=
p−k1+1
∂iν2 )Ah3/h4

 · · ·

( q−ln∏
µn=
q−ln−1+1
∂jµn )Ah2n−2/h2n−1


×

( p−kn∏
νn=
p−kn−1+1
∂iνn )Ah2n−1/h2n



( q∏
µn+1=
q−ln+1
∂jµn+1 )Ah2n/h2n+1



( p∏
νn+1=
p−kn+1
∂iνn+1 )Ah2n+1


(B.4a)
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=
∑
P(j1...jq)
1
q!
∑
P(i1...ip)
1
p!
q∑
l1=0
l1∑
l2=0
· · ·
ln−1∑
ln=0
p∑
k1=0
k1∑
k2=0
· · ·
kn−1∑
kn=0
(
q
l1
)(
p
k1
)
×
n∏
r=2
(
lr−1
lr
)(
kr−1
kr
)
W
g/h1
0,j1···jq−l1
W
h1/h2
0,i1···ip−k1
W
h2/h3
0,jq−l1+1···jq−l2
W
h3/h4
0,ip−k1+1···ip−k2
· · ·W h2n−2/h2n−10,jq−ln−1+1···jq−lnW
h2n−1/h2n
0,ip−kn−1+1···ip−kn
W
h2n/h2n+1
0,jq−ln+1···jq
W
h2n+1
0,ip−kn+1···ip
(B.4b)
which are obtained by differentation of (5.20) and comparison with (3.5). Here,
W
g/h
0,i1...ip = W0,i1...ip(Lg/h) and W
h
0,i1...ip
= W0,i1...ip(Lh) are the one-sided n-point
connections of g/h and h, and the results for the even nests g/h1/ . . . /h2n can
be obtained from (B.4) by setting h2n+1 = 0, Ah2n+1 = 1 and W
h2n+1
ip−kn+1...ip
→
δkn,0. The general nest connections are independent of the reference point z0 of
the evolution operators, and satisfy the consistency relations (3.12a), which are
the integrability conditions for the biconformal correlators. Finally, the correct
embedding relations
W0,i1...ip(L = Lh1/.../h2n+1) =Wi1...ip,0(L˜ = Lh1/.../h2n+1) (B.5a)
W0,i1...ip(L = Lh1/.../h2n) =Wi1...ip,0(L˜ = Lh1/.../h2n) (B.5b)
are verified from (B.4) and the corresponding form for the even nests, which
completes the check of (5.20). We have also checked (B.4) against the known
forms of the first and second-order connections in (3.8) and (A.1).
Appendix C: Conformal blocks of the A-S nests
Following the change of basis given for the coset correlators in Ref.[14], we
discuss the affine-Sugawara (A-S) nests at the level of conformal blocks.
For four representations T ia , i = 1, . . . , 4 of g and the subgroup sequence
g ⊃ h1 ⊃ . . . ⊃ hn, we introduce the hj-invariant tensors vαmj (hj),
vβmj (hj)
4∑
i=1
(T ia )βα = 0 , a ∈ hj (C.1a)
{vαmj (hj)} ⊂ {vαmj+1(hj+1)} , j = 0, 1, . . . , n− 1 . (C.1b)
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Here we have introduced h0 ≡ g for uniformity and the tensors are chosen to
satisfy vαmj (hj) = v
α
mj
(hj+1), {mj} ⊂ {mj+1}. Using global Ward identities, we
may then expand the operators in (5.19) as [14]
Y αh0/h1(u, u0) = Y
m1
h0/h1
(u, u0)v
α
m1(h1) = d
r0Ch0/h1(u)r0r1Fh1(u0)r1m1vαm1(h1)
(C.2a)
Yhj(u, u0)mj
α ≡ vβmj (hj)Yhj(u, u0)βα = F−1hj (u0)mj rjFhj(u)rjnjvαnj (hj) (C.2b)
vβmj (hj)Yhj/hj+1(u, u0)β
α ≡ Yhj/hj+1(u, u0)mjmj+1vαmj+1(hj+1) (C.2c)
Yhj/hj+1(u, u0)mj
mj+1 = F−1hj (u0)mj rjChj/hj+1(u)rj rj+1Fhj+1(u0)rj+1mj+1 (C.2d)
Chj/hj+1(u)rj rj+1 = Fhj(u)rjmjF−1hj+1(u)mj rj+1 . (C.2e)
Here, dr0 are constants, Fhj are the conformal blocks of hj, chosen so that the
left indices rj label the blocks by hj representations in the s channel (u → 0),
and C are the coset blocks [15,14].
Using (C.2), the biconformal correlators of the nests (5.19) factorize as
follows,
Y α(u¯, u)[L˜ = Lg/h1/.../h2n+1 , L = Lh1/.../h2n+1 ]
=Y m1g/h1(u¯, u0)Yh1/h2(u, u0)m1
m2 · · ·Yh2n/h2n+1(u¯, u0)m2nm2n+1Yh2n+1(u, u0)m2n+1α
=Y¯ν(u¯, u0)[L˜ = Lg/h1/.../h2n+1 ] Y
α
ν (u, u0)[L = Lh1/.../h2n+1 ] , ν ≡ (m1, . . . , m2n+1)
(C.3a)
Y α(u¯, u)[L˜ = Lg/h1/.../h2n , L = Lh1/.../h2n ]
=Y m1g/h1(u¯, u0)Yh1/h2(u, u0)m1
m2 · · ·Yh2n−1/h2n(u, u0)m2n−1m2nYh2n(u¯, u0)m2nα
=Y¯ αµ (u¯, u0)[L˜ = Lg/h1/.../h2n ] Yµ(u, u0)[L = Lh1/.../h2n ] , µ ≡ (m1, . . . , m2n)
(C.3b)
where the factorized correlators of the L˜ theories are
Y¯ν(u¯, u0) [L˜ = Lg/h1/.../h2n+1 ]
= Y m1g/h1(u¯, u0)
n∏
j=1
Yh2j/h2j+1(u¯, u0)m2j
m2j+1 (C.4a)
= fν(u0)
r0r2...r2n
r1r3...r2n+1 Ng/h1/.../h2n+1(u¯)r1r3...r2n+1r0r2...r2n (C.4b)
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Y¯ αµ (u¯, u0) [L˜ = Lg/h1/.../h2n ]
= Y m1g/h1(u¯, u0)
n−1∏
j=1
Yh2j/h2j+1(u¯, u0)m2j
m2j+1Yh2n(u¯, u0)m2n
α (C.4c)
= fαµ (u0)
r0r2...r2n−2r2n
r1r3...r2n−1m′2n
Ng/h1/.../h2n(u¯)r1r3...r2n−1m
′
2n
r0r2...r2n−2r2n
. (C.4d)
The constant factors f(u0) in (C.4) are
fν(u0)
r0r2...r2n
r1r3...r2n+1 = d
r0
n∏
j=1
F−1h2j(u0)m2j r2j
n∏
k=0
Fh2k+1(u0)r2k+1m2k+1 (C.5a)
fαµ (u0)
r0r2...r2n−2r2n
r1r3...r2n−1m′2n
= dr0
n−1∏
j=0
F−1h2j(u0)m2j r2jFh2j+1(u0)r2j+1m2j+1vαm′2n(h2n)
(C.5b)
and the nest blocks Ng/h1/.../hn of the conformal field theories Lg/h1/.../hn are
given by
Ng/h1/.../h2n+1(u¯)r1r3 ...r2n+1r0r2 ...r2n =
n∏
j=0
Ch2j/h2j+1(u¯)r2j r2j+1 , h0 = g (C.6a)
Ng/h1/.../h2n(u¯)r1r3 ...r2n−1m2nr0r2 ...r2n−2r2n =
n−1∏
j=0
Ch2j/h2j+1(u¯)r2j r2j+1Fh2n(u¯)r2nm2n . (C.6b)
Each of the nest blocks N is a tensor product of blocks, as expected.
As a consistency check on the factorization, it is not difficult to check that
the correlators Y (L) in (C.3) give the blocks Nh1/.../h2n+1 andNh1/.../h2n , obtained
from (C.6) by renaming groups. Note also that eqs.(C.4a,c) are the explicit forms
of the tensor products (5.21).
As a concrete example on g ⊃ h1 ⊃ . . . ⊃ hn, we choose the subgroup nest
gx = (h0)x = SU(N)x0 × SU(N)x1 × . . .× SU(N)xn (C.7a)
hj = SU(N)yj ×nl=j+1 SU(N)xl , yj ≡
j∑
k=0
xk (C.7b)
and the integrable representations of g as T 1 = T 4 = (T(N), 0, . . . , 0), T 2 =
T 3 = (T¯(N), 0, . . . , 0) in the N and N¯ of SU(N)x0 . Then (C.6) gives the nest
blocks
(Ng/h1/.../h2n+1)r1r3 ...r2n+1r0r2 ...r2n =
n∏
j=0
(Cy2j ,y2j+1)r2j r2j+1 , h0 = g (C.8a)
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(Ng/h1/.../h2n)r1r3 ...r2n−1m2nr0r2 ...r2n−2r2n =
n−1∏
j=0
(Cy2j ,y2j+1)r2j r2j+1(Fy2n)r2nm2n (C.8b)
where the coset blocks C and the SU(N) blocks F are 2×2 matrices,
(Cyj ,yj+1)rj rj+1 = (Fyj)rjmj (F−1yj+1)mj rj+1 , rj = V,A , mj = 1, 2 ∀ j (C.9a)
Fy =
(
(Fy)V 1 (Fy)V 2
(Fyx)A1 (Fy)A2
)
, F−1y = −
1
N
(u(1−u))4∆y−∆Ay
(
(Fy)A2 −(Fy)V 2
−(Fy)A1 (Fy)V 1
)
(C.9b)
∆y =
N2 − 1
2N(y +N)
, ∆Ay =
N
y +N
, λy =
1
y +N
(C.9c)
(Fy(u))V 1 = u−2∆y(1− u)∆Ay −2∆yF (λy,−λy, 1−Nλy; u)
(Fy(u))A1 = u∆Ay −2∆y(1− u)∆Ay −2∆yF ((N − 1)λy, (N + 1)λy, 1 +Nλy; u)
(Fy(u))V 2 = 1
y
u−2∆y+1(1− u)∆Ay −2∆yF (1 + λy, 1− λy, 2−Nλy; u)
(Fy(u))A2 = −Nu∆Ay −2∆y(1− u)∆Ay −2∆yF ((N − 1)λy, (N + 1)λy, Nλy; u) .
(C.9d)
Here V and A label the vacuum and adjoint blocks [7] in the u→ 0 channel and
F is the hypergeometric function. In these examples, the number of nest blocks
Ng/h1/.../hn is 2n+1. It is interesting to note that, for a fixed choice of external
representations, the number of nest blocks grows with the nest depth n. In this
sense, the nests may be considered as a prelude to irrational conformal field
theory, where a generically-infinite number of blocks is expected.
We have made a spot check of the s-channel singularities of the nest blocks in
(C.8), using the known behavior of the subgroup and coset blocks [14] as u→ 0.
Approximately half of these intermediate states are immediately identifiable as
broken affine primary states (with conformal weights ∆ =
∑n
j=0(−)j∆hj ) and
the other states are presumably broken affine secondary.
Finally, the crossing-symmetric non-chiral correlators of these nests
Yg/h1/.../h2n+1(u, u∗) =
n∏
j=0
Yh2j/h2j+1(u, u∗) , h0 = g (C.10a)
Yg/h1/.../h2n(u, u∗) =
n−1∏
j=0
Yh2j/h2j+1(u, u∗)Yh2n(u, u∗) (C.10b)
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Yhj(u, u∗) =Fyj(u)V 1Fyj(u∗)V 1 + Fyj(u)V 2Fyj (u∗)V 2
+ f(λyj)
−1[Fyj(u)A1Fyj(u∗)A1 + Fyj(u)A2Fyj(u∗)A2]
(C.10c)
Yhj/hj+1(u, u∗) = Cyj ,yj+1(u)V V Cyj ,yj+1(u∗)V V+f(λyj+1)Cyj ,uj+1(u)V ACyj ,yj+1(u∗)V A
+f(λyj)
−1[Cyj ,yj+1(u)AVFyj ,yj+1(u∗)AV + f(λyj+1)Cyj ,yj+1(u)AACyj ,yj+1(u∗)AA]
(C.10d)
f(λ) ≡ N2
(
Γ(Nλ)
Γ(1−Nλ)
)2
Γ(1− (N − 1)λ)Γ(1− (N + 1)λ)
Γ((N − 1)λ)Γ((N + 1)λ) (C.10e)
are nothing but the product of the crossing-symmetric non-chiral correlators of
the relevant subgroups [7] and cosets [14]. At level x0 = 1, the number of con-
tributing nest blocks in (C.10) is 2n, which corresponds to the usual consistent
chiral truncation of the blocks of SU(N)1.
Appendix D: Symmetric factorization
In this appendix, we discuss a second natural factorization of the invariant
biconformal correlators, in the symmetric ansatz (7.2d). This gives a second
global solution, whose details apparently differ from the solution of the text.
Nevertheless, we find that this solution gives the same correct coset and nest
correlators, and the same high-level affine-Virasoro correlators found in Section
10.
At each fixed choice of the Lie algebra index α = (α1α2α3α4), the matrix
Cαqp = Y
β
g (u0)Wqp(u0)β
α defines an infinite-dimensional eigenvalue problem
∑
p
Cαqpψ¯
α
p(ν)(u0) = E
α
ν (u0)ψ¯
α
q(ν)(u0) (D.1a)
∑
q
ψαq(ν)(u0)C
α
qp = E
α
ν (u0)ψ
α
p(ν)(u0) (D.1b)
Cαqp =
∞∑
ν=0
ψ¯αq(ν)(u0)E
α
ν (u0)ψ
α
p(ν)(u0) . (D.1c)
Then, the spectral resolution (D.1c) of Cαqp gives the factorization
Y¯ αν (u, u0) =
√
Eαν (u0) ψ¯
α
(ν)(u, u0) , ψ¯
α
(ν)(u, u0) ≡
∞∑
q=0
(u− u0)q
q!
ψ¯αq(ν)(u0)
(D.2b)
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Y αν (u, u0) =
√
Eαν (u0)ψ
α
(ν)(u, u0) , ψ
α
(ν)(u, u0) ≡
∞∑
p=0
(u− u0)p
p!
ψαp(ν)(u0)
(D.2c)
where the structures ψ¯α(ν)(u, u0) and ψ
α
(ν)(u, u0) are the conformal eigenvectors
of the L˜ and L theories respectively.
An elegant feature of the symmetric factorization is that the conformal
structures are symmetric under K-conjugation,
L˜↔ L : Y¯ αν ↔ Y αν . (D.3)
This symmetry, not shared by the solution of the text, follows from the K-
conjugation covariance (4.5b) which implies that Cqp ↔ Cpq and hence ψ¯ ↔ ψ
when L˜ ↔ L. On the other hand, the braiding of the symmetric factorization
is further complicated by the factor Yg(u0) in Cqp.
Corresponding to (8.3), an equivalent form of the factorized correlators
Y¯ αν (u, u0) =
1√
Eαν (u0)
∞∑
p=0
ψ¯αp(ν)(u0)∂
p
u0
f¯α0 (u, u0) (D.4a)
Y αν (u, u0) =
1√
Eαν (u0)
∞∑
q=0
ψαq(ν)(u0)∂
q
u0
fα0 (u, u0) (D.4b)
is obtained from the eigenvalue problem (D.1) when Eν 6= 0. The basic struc-
tures f¯α0 and f
α
0 = Y
β
g (u0)(f0)β
α are defined in eqs.(8.3c,d).
As an application of (D.4), we give the results for the coset constructions
and the first non-trivial affine-Sugawara nests
(Y¯ g/h)αν (u, u0) = Y
β
g/h(u, u0)d
α
β(ν)(u0) (D.5a)
dαβ(ν)(u0) ≡
1√
Eαν (u0)
∞∑
p=0
W h0p(u0)β
αψ¯αp(ν)(u0) (D.5b)
(Y¯ g/h1/h2)αν (u, u0) = Y
m1
g/h1
(u, u0)Yh2(u, u0)m2
αDm2αm1(ν)(u0) (D.5c)
Dm2αm1(ν)(u0) ≡
1√
Eαν (u0)
∞∑
p=0
W
h1/h2
0p (u0)m1
m2 ψ¯αp(ν)(u0) (D.5d)
which correspond to L˜ = Lg/h and L˜ = Lg/h1/h2 respectively. The symbols
in (D.5c,d) with m1 and/or m2 indices are defined in eqs.(5.16) and (8.7d).
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Although the constants in (D.5) differ from those in the corresponding results
(8.6) and (8.7), the same correct u dependence is obtained for these conformal
correlators. Simlilarly, the global solution (D.2) or (D.4) gives the correct u
dependence for the conformal correlators of the higher nests.
Finally, we follow the steps in Section 10 to obtain the high-level correlators
in the symmetric ansatz. As in the vector ansatz, only a finite number of Eν 6= 0
eigenvectors are found at leading order
ψ¯αq(ν)(u0) = (Yg(u0)Wq0(u0))
βφ¯αβ(ν)(u0) +O(k−2)
ψαp(ν)(u0) = (Yg(u0)W0p(u0))
βφαβ(ν)(u0) +O(k−2)
(D.6a)
Eν 6= 0 , ν = 0, 1, . . . , Ds(T )− 1 , Ds(T ) ≤
4∏
i=1
dim T i (D.6b)
where the reduced eigenvectors φ¯, φ are the (non-zero eigenvalue) eigenvectors
of the reduced problem
M¯α(u0)β
γ
φ¯αγ(ν)(u0) = E
α
ν (u0)φ¯
α
β(ν)(u0)
M¯α(u0)β
γ ≡∑
p
W0p(u0)β
α(Yg(u0)Wp0(u0))
γ (D.7a)
Mα(u0)β
γφαγ(ν)(u0) = E
α
ν (u0)φ
α
β(ν)(u0)
Mα(u0)β
γ ≡∑
q
Wq0(u0)β
α(Yg(u0)W0q(u0))
γ .
(D.7b)
To obtain this manifestly K-conjugation covariant form, we used the interchange
identity Wq0W0p =W0pWq0 +O(k−2) in the ψ problem.
Summing the series in (D.2), we obtain the high-level form of the affine-
Virasoro correlators
Y¯ αν (u, u0) = Y
β
g (u0)
(
δγβ +
P˜ ab
k
[
T 1a T 2b ln
(
u
u0
)
+T 1a T 3b ln
(
1− u
1− u0
)]
β
γ
)√
Eαν (u0) φ¯
α
γ(ν)(u0) +O(k−2)
(D.8a)
Y αν (u, u0) = Y
β
g (u0)
(
δγβ +
P ab
k
[
T 1a T 2b ln
(
u
u0
)
+T 1a T 3b ln
(
1− u
1− u0
)]
β
γ
)√
Eαν (u0)φ
α
γ(ν)(u0) +O(k−2) .
(D.8b)
43
Neglecting the constants
√
Eν (φ¯, φ), this result is in complete agreement with
the high-level form of the vector ansatz in (10.8)
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